
Virginia Tech Regional Math Contest 19861

Problem 1

Let 𝑥1 = 1, 𝑥2 = 3, and 𝑥𝑛+1 = 1
𝑛 + 1

∑
𝑛

𝑖=1
𝑥𝑖 for 𝑛 = 2, 3, … .

Find lim
𝑛→∞

𝑥𝑛 and give a proof of your answer.

Problem 2
Given that 𝑎 > 0 and 𝑐 > 0, find a necessary and sufficient condition on 𝑏 so that 𝑎𝑥2 + 𝑏𝑥 + 𝑐 > 0 

for all 𝑥 > 0.

Problem 3
Express sinh 3𝑥 as a polynomial in sinh 𝑥. As an example, the identity cos 2𝑥 = 2 cos2 𝑥 − 1 shows 

that cos 2𝑥 can be expressed as a polynomial in cos 𝑥. Recall that sinh denotes the hyperbolic sine 

defined by:

sinh 𝑥 = 𝑒𝑥 − 𝑒−𝑥
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Problem 4
Find the quadratic polynomial 𝑝(𝑡) = 𝑎0 + 𝑎1𝑡 + 𝑎2𝑡2 such that:

∫
1

0
𝑡𝑛𝑝(𝑡) d𝑡 = 𝑛  for 𝑛 = 0, 1, 2.

Problem 5
Verify that, for 𝑓(𝑥) = 𝑥 + 1,

lim
𝑟→0+

(∫
1

0
(𝑓(𝑥))𝑟 d𝑥)

1
𝑟

= 𝑒∫1
0

ln 𝑓(𝑥) d𝑥

Problem 6
Sets 𝐴 and 𝐵 are defined by 𝐴 = {1, 2, …, 𝑛} and 𝐵 = {1, 2, 3}. Determine the number of distinct 

functions from 𝐴 onto 𝐵.

Recall that a function 𝑓 : 𝐴 → 𝐵 is “onto” if for each 𝑏 ∈ 𝐵, there exists 𝑎 ∈ 𝐴 such that 𝑓(𝑎) = 𝑏.

Problem 7
A function 𝑓  from the positive integers to the positive integers has the properties:

1. 𝑓(1) = 1,

2. 𝑓(𝑛) = 2 if 𝑛 ≥ 100,

3. 𝑓(𝑛) = 𝑓(𝑛
2
) if 𝑛 is even and 𝑛 < 100,

4. 𝑓(𝑛) = 𝑓(𝑛2 + 7) if 𝑛 is odd and 𝑛 > 1.

(a) Find all positive integers 𝑛 for which the stated properties require that 𝑓(𝑛) = 1.

(b) Find all positive integers 𝑛 for which the stated properties do not determine 𝑓(𝑛).

1VTRMC problems source: https://personal.math.vt.edu/plinnell/Vtregional/

https://personal.math.vt.edu/plinnell/Vtregional/


Problem 8
Find all pairs (𝑀, 𝑁) of positive integers, 𝑀 < 𝑁 , such that:

∑
𝑁

𝑗=𝑀

1
𝑗(𝑗 + 1)

= 1
10
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