
Virginia Tech Regional Math Contest 19941

Problem 1

Evaluate ∫
1

0
∫

𝑥

0
∫

1−𝑥2

0
𝑒(1−𝑧)2 d𝑧 d𝑦 d𝑥.

Problem 2
Let 𝑓  be continuous real function, strictly increasing in an interval [0, 𝑎] such that 𝑓(0) = 0. Let 𝑔 be 

the inverse of 𝑓 , i.e., 𝑔(𝑓(𝑥)) = 𝑥 for all 𝑥 in [0, 𝑎]. Show that for 0𝑙𝑒𝑥𝑙𝑒𝑎, 0𝑙𝑒𝑦𝑙𝑒𝑓(𝑎), we have  xy le 

integral{0}^{x} f(t) dt + integral{0}^{y} g(t) dt. 

Problem 3
Find all continuously differentiable solutions 𝑓(𝑥) for

𝑓(𝑥)2 = ∫
𝑥

0
(𝑓(𝑡)2 − 𝑓(𝑡)4 + (𝑓 ′(𝑡))2) d𝑡 + 100

where 𝑓(0)2 = 100.

Problem 4
Consider the polynomial equation 𝑎𝑥4 + 𝑏𝑥3 + 𝑥2 + 𝑏𝑥 + 𝑎 = 0, where 𝑎 and 𝑏 are real numbers, 

and 𝑎 > 1
2 . Find the maximum possible value of 𝑎 + 𝑏 for which there is at least one positive real 

root of the above equation.

Problem 5
Let 𝑓 : ℤ × ℤ → ℝ be a function which satisfies 𝑓(0, 0) = 1 and

𝑓(𝑚, 𝑛) + 𝑓(𝑚 + 1, 𝑛) + 𝑓(𝑚, 𝑛 + 1) + 𝑓(𝑚 + 1, 𝑛 + 1) = 0

for all 𝑚,𝑛 ∈ ℤ (where ℤ and ℝ denote the set of all integers and all real numbers, respectively). 

Prove that |𝑓(𝑚, 𝑛)| ≥ 1
3 , for infinitely many pairs of integers (𝑚, 𝑛).

Problem 6
Let 𝐴 be an 𝑛 × 𝑛 matrix and let 𝛼 be an 𝑛-dimensional vector such that 𝐴𝛼 = 𝛼. Suppose that all 

the entries of 𝐴 and 𝛼 are positive real numbers. Prove that 𝛼 is the only linearly independent 

eigenvector of 𝐴 corresponding to the eigenvalue 1. Hint: if 𝛽 is another eigenvector, consider the 

minimum of 
𝛼𝑖
|𝛽𝑖|

, 𝑖 = 1,…, 𝑛, where the 𝛼𝑖’s and 𝛽𝑖’s are the components of 𝛼 and 𝛽, respectively.

Problem 7

Define 𝑓(1) = 1 and 𝑓(𝑛 + 1) = 2√𝑓(𝑛)2 + 𝑛 for 𝑛 ≥ 1. If 𝑁 ≥ 1 is an integer, find ∑
𝑁

𝑛=1

1
𝑓(𝑛)2

.

Problem 8
Let a sequence {𝑥𝑛}

∞
𝑛=0 of rational numbers be defined by 𝑥0 = 10, 𝑥1 = 29 and 𝑥𝑛+2 = 19𝑥𝑛+1

94𝑥𝑛
 for 

𝑛 ≥ 0. Find ∑
∞

𝑛=0

𝑥6𝑛
2𝑛

.

1VTRMC problems source: https://personal.math.vt.edu/plinnell/Vtregional/
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