
Virginia Tech Regional Math Contest 20001

Problem 1

Evaluate ∫
{𝛼}

{0}

𝑑𝜃
5 − 4 cos 𝜃

 (your answer will involve inverse trig functions; you may assume that 

0𝑙𝑒𝛼 < 𝜋). Use your answer to show that ∫
𝜋
3

0

d𝜃
5 − 4 cos 𝜃

= 2𝜋
9 .

Problem 2
Let 𝑛 be a positive integer and let 𝐴 be an 𝑛 × 𝑛 matrix with real numbers as entries. Suppose 

4𝐴4 + 𝐼 = 0, where 𝐼  denotes the identity matrix. Prove that the trace of 𝐴 (i.e., the sum of the 

entries on the main diagonal) is an integer.

Problem 3
Consider the initial value problem 𝑦′ = 𝑦2 − 𝑡2; 𝑦(0) = 0 (where 𝑦′ =d𝑦

d𝑡). Prove that lim
𝑡→∞

𝑦′(𝑡) 
exists, and determine its value.

Problem 4

In the above diagram, 𝑙1 = 𝐴𝐵, 𝑙2 = 𝐴𝐶 , 𝑥 = 𝐵𝑃 , and 𝑙 = 𝐵𝐶 , where 𝐴𝐵 indicates the length of 

𝐴𝐵. Prove that 𝑙2 − 𝑙1 = ∫
𝑙

0
cos(𝜃(𝑥)) d𝑥.

Problem 5
Two diametrically opposite points 𝑃 ,𝑄 lie on an infinitely long cylinder which has radius 2𝜋 . A 

piece of string with length 8 has its ends joined to 𝑃 , is wrapped once round the outside of the 

cylinder, and then has its midpoint joined to 𝑄 (so there is length 4 of the string on each side of the 

cylinder). A paint brush is attached to the string so that it can slide along the full length the string. 

Find the area of the outside surface of the cylinder which can be painted by the brush.

Problem 6
Let 𝑎𝑛 (𝑛 ≥ 1) be the sequence of numbers defined by the recurrence relation

𝑎1 = 1, 𝑎𝑛 = 𝑎𝑛−1𝑎1 + 𝑎𝑛−2𝑎2 + … + 𝑎2𝑎𝑛−2 + 𝑎1𝑎𝑛−1

(so 𝑎2 = 𝑎2
1 = 1, 𝑎3 = 2𝑎1𝑎2 = 2, etc.). Prove that ∑

∞

𝑛=1
(2
9
)

𝑛
𝑎𝑛 = 1

3
.

Problem 7
Two types of domino-like rectangular tiles,

and

1VTRMC problems source: https://personal.math.vt.edu/plinnell/Vtregional/
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are available. The first type may be rotated end-to-end to produce a tile of type

. Let 𝐴(𝑛) be the number of distinct chains of 𝑛 tiles, placed end-to-end, that may be constructed if 

abutting ends are required to have the same number of dots.

bold(Example:) 𝐴(2) = 5, since the following five chains of length two, and no others, are allowed.

(a) Find 𝐴(3) and 𝐴(4).
(b) Find, with proof, a three-term recurrence formula for 𝐴(𝑛 + 2) in terms of 𝐴(𝑛 + 1) and 𝐴(𝑛), 

for 𝑛 = 1, 2,…, and use it to find 𝐴(10).
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