
Virginia Tech Regional Math Contest 20131

Problem 1

Let 𝐼 = 3
√
2∫

𝑥

0

√
1 + cos 𝑡

17 − 8 cos 𝑡
d𝑡. If 0 < 𝑥 < 𝜋 and tan 𝐼 = 2√

3 , what is 𝑥?

Problem 2
Let 𝐴𝐵𝐶 be a right-angled triangle with ∠𝐴𝐵𝐶 = 90deg, and let 𝐷 be on 𝐴𝐵 such that 𝐴𝐷 =
2𝐷𝐵. What is the maximum possible value of ∠𝐴𝐶𝐷?

Problem 3

Define a sequence (𝑎𝑛) for 𝑛 ≥ 1 by 𝑎1 = 2 and 𝑎𝑛+1 = 𝑎1+𝑛−3
2

𝑛 . Is (𝑎𝑛) convergent (i.e., lim
𝑛→∞

𝑎𝑛 <
∞)?

Problem 4

A positive integer 𝑛 is called special if it can be represented in the form 𝑛 = 𝑥2 + 𝑦2

𝑢2 + 𝑣2
, for some 

positive integers 𝑥, 𝑦, 𝑢, 𝑣. Prove that

(a) 25 is special;

(b) 2013 is not special;

(c) 2014 is not special.

Problem 5

Prove that 
𝑥√

1 + 𝑥2
+ 𝑦

√1 + 𝑦2
+ 𝑧√

1 + 𝑧2
≤ 3

√
3

2𝑎
 for any positive real numbers 𝑥, 𝑦, 𝑧 such that 

𝑥 + 𝑦 + 𝑧 = 𝑥𝑦𝑧.

Problem 6

Let 𝑋 = (
7
8
−7

8
−9
−7

9
−7
9
), 𝑌 = (

9
8
7

8
−7
9

−9
7
8
), let 𝐴 = 𝑌 −1 −𝑋 and let 𝐵 be the inverse of 𝑋 +𝐴−1. 

Find a matrix 𝑀  such that 𝑀2 = 𝑋𝑌 −𝐵𝑌  (you may assume that 𝐴 and 𝑋−1 +𝐴−1 are 

invertible).

Problem 7

Find ∑
∞

𝑛=1

𝑛
(2𝑛 + 2−𝑛)2

+ (−1)𝑛𝑛
(2𝑛 − 2−𝑛)2

.

1VTRMC problems source: https://personal.math.vt.edu/plinnell/Vtregional/
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